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Abstract 
Let S be a set of pairwise disjoint line segments inthe plane. Consider the figure F (polygon, 
tree or path) whose every edge goes through endpoints of elements in S as many as possible, 
where F does not intersect i self and any element of S. We construct some figures under the 
preceding conditions. 
1. Introduction 
Let S = {S~, $2 ..... S~ } be a set of n pairwise disjoint line segments and Ep(S) be the 
set of endpoints of S~ (1 ~< i ~< n), no three elements of Ep(S) be collinear. 
Rappaport [2] defined a simple circuit of S to be a simple polygon P whose vertices 
are the endpoints of the segments in S, and every segment in S is an edge of P. He 
showed that there exists S which does not have the simple circuit (Fig. 1), and the 
algorithm where the simple circuit exists is NP-complete. 
Moreover, the set S is said to be extremally situated if each segment in S has at least 
one of its endpoints on the boundary of the convex hull of S. He showed that if S is 
extremally situated, whether it has a simple circuit can be decided in O(nlogn) 
time [3]. 
Mirzaian [1] defined a circumscribing polygon of S to be a simple polygon P such 
that vertices of P are the endpoints of the segments in S and every segment in S is 
either an edge or an internal diagonal of P. For any extremally situated S, he 
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constructed a circumscribing polygon of S in O(n log n) time, and conjectured that 
every S has a circumscribing polygon. 
However, Urabe and Watanabe [4] presented a following counterexample. 
Theorem A. For the configuration C shown in Fig. 2, there does not exist a 
circumscribing polygon. 
2. Polygons associated with line segments 
Now we define the extended circumscribing polygon Q to be a simple polygon whose 
vertices are the endpoints of the segments inS, and every segment S~ in S has one of the 
following conditions: 
Si is an edge or an internal (outer) diagonal or an internal (outer) tail of Q, where 
Si is a tail if only one endpoint of Si is a vertex of Q. 
Also, the configuration C does not have the extended circumscribing polygon which 
has neither outer diagonals nor outertails. 
A simple path of S is defined as a sequence of distinct elements of Ep(S) and every 
element in S is an edge of the path which is not intersecting itself. Is it always possible 
to construct a simple path of S? This answer is negative. The configuration shown in 
Fig. 3 is a counterexample of this question. 
Conjecture 1. For any S, there exists an extended circumscribing polygon which has 
no tails. 
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3. Chains 
Let C be a set of line segments xy connecting endpoints x and y such that x and 
y are in distinct elements of S, respectively. 
Let us say the graph corresponding toC is chains of S when C satisfies the following 
conditions: 
(i) pairwise disjoint except possibly for endpoints; 
(ii) no line segment of C intersects the interior of an element of S; 
(iii) for any element xy of S, either x is an endpoint of some element of C or y is an 
endpoint of some element of C, but not both. 
Denote chains of S by C(S), and we call a connected component of C(S) a chain. 
For some sets S, the existence of C(S) can be proved to exist. We will first find 
a C(S) for an extremally situated S. 
Theorem 1. Assume that S is an extremally situated and I SI is even. Then there exists 
C(S) whose every chain is isomorphic to Kt, 1- 
Proof. By induction on [S [. 
(i) I S I = 2: It is obvious that there exists a chain of S. 
(ii) We may assume that the convex hull of S has a diagonal, otherwise this 
statement easily holds. 
Let G be the graph G which is induced by all diagonals and the circumference of the 
convex hull of S. Consider the region R which corresponds to an endpoint of the weak 
dual graph of G. Denote by W another egion in the convex hull of S separated from 
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R by the diagonal d. Let W(S) be the set of S which belongs to W, and R(S) be the set 
of S which belongs to R. 
(i) I R(S)I = even: Then I R(W) w {d } I = even. By the induction hypothesis, there 
exists C(R(S)) whose every chain is isomorphic to K1.1. Similarly, there exists desired 
chains of R(W) w {d}. 
(ii) IR(S)I = odd: Then IR(S)u {d}l = even and I W(S)I = even. By the induction 
hypothesis, there exists C(W(S)) whose every chain is to isomorphic to KL1. 
Similarly, there exists desired chains of R(S) w {d}. [] 
Moreover, we can obtain a special C(S) for any S in the following theorem. 
Theorem 2. For any S, there exists C(S) which is a binary tree. 
Proof. We consider the xy-axis for a given S such that the y-coordinates of all 
elements of Ep(S) are distinct. 
For each i, let S~ be the endpoint of Si whose y-coordinate is greater than the 
other endpoint. We may assume that y(S~) > y(S~) > .-- > y(S~), where y(S~) is the 
y-coordinate of S~. 
We construct the graph T as follows: 
For any i (i >1 2), connect S~ with S~ by the line segment if j  is the largest number 
such that line segment S~S~ does not intersect any element of S(j  < i). 
By this procedure, for any vertex S~, S~(j > i) is uniquely determined since no three 
elements of Ep(S) are collinear. And S~ may be connected with at most two vertices 
S)' and S[ (j < i, k < i) if S)' and St locate in right side and left side of Si, respectively. 
Therefore the degree of any vertex S)' in T is at most three. Since T is a connected 
graph with n -1  edges, T is a binary tree. [] 
Theorem 3. For any S, there exists C(S) whose every chain is isomorphic to K L 1 
or KI. 2. 
Proof. It is sufficient to show that a binary tree T of Theorem 2 has a {K L 1, KI, 2 }- 
factor. 
If there exists some inner vertices in T whose degrees are three, we consider a path 
Pu including an inner vertex v, whose degree is three between the two endpoints of 
T except he root vr, where P~ has no vertex whose degree is three except v~. Then 
P~ has a (Kl, l,K1,2}-factor. 
Next if there still exist some inner vertices whose degrees are three in T\Pu, we try 
(this procedure in T\P~ again. We continue this procedure until there is no vertex 
whose degree is three in T \  U P," Finally we can find the path Pr including the root vr, 
where P~ has no vertex whose degree is three. 
Then if the length of P~ is at least one, P~ has a {K1,1, K1, 2 }-factor. If P~ is vr itself, 
vr is adjacent to a vertex v. whose degree is three in T. Let Vb, Vc be the two vertices 
adjacent to v. except v~ (see Fig. 4). 
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Then if the path VaVb(VaV,) is a KL 1-factor in T, we may find that the path 
VrVaVb(VrVaVc) is a K~. 2-factor in T. Therefore we consider the case that the path VcV, Vb 
is a K1.2-factor in T. 
Let the elements of S which have the endpoints vr, v~, Vb, V¢ be Sr, S,, Sb, S¢, respec- 
tively. Then only S~ may intersect the line segment VbVc as far as possible and S ,  Sb, S¢ 
may not intersect the line segment VrV,. Hence we may newly find that both the paths 
VaVb and v~v~ are two K~. ~-factors in T. 
Consequently we can obtain desired chains of S. [] 
The following theorem implies that for a given S, at least 21S I/3 line segments can 
be matched to each other by other line segments. 
Theorem 4. For any S, there exists a set of rlSI/3 7 line segments L = {Lk} satisfying 
the following conditions: 
(i) Lk is connecting only one end point of Si with only one endpoint of Sj (i #j) ;  
(ii) no two elements in L intersect; 
(iii) no elements in L intersects any Si except at their endpoints. 
Proof. We can apply Theorem 3. [] 
Conjecture 2. Assume I SI is even. Then there exists C(S) whose every chain is 
isomorphic to K1, ~ for any S. 
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